It is known [l] that if (X, G, p.) is a topological transformation group such that trx(G) = 0, and if A is a covering space of X, then there is a unique topological transformation group (X, G, p) which covers (X, G, p). In [2] the fundamental group a(X, x0, G) of a group of homeomorphisms G of a topological space X is defined, and it is observed in the proof of Theorem 7 of that paper that a(X, x0, G) acts in a natural way as a group of homeomorphisms of the universal covering space X. In this note the relationship between these two results is investigated, and equations defining fi are found. The language and notations will be minor modifications of those of [2] , together with standard notations for covering spaces. It will be assumed throughout that X is path-connected, locally path-connected, and locally simply connected, that G is a locally pathconnected topological group, and that (X, G, p) is a topological transformation group.
First observe that every homeomorphism g of a path-connected space X induces an automorphism of the group TV of normal subgroups of ttx(X, Xo). If k is a path from gx0 to xo, then the map
is an automorphism of ttx(X, x0). The image of a normal subgroup 7r0 is a normal subgroup which is independent of k, and which will be denoted by g*ir0. It is easily checked that g*: N-^N The proof is omitted.
The group a(X, x0, G) defined in [2] corresponds to the case in which 7T0 is the trivial subgroup of 7n(A, Xo).
F. RHODES [August
There are two short exact sequences for o-T"(X, x0, G), in which the maps correspond to those in the exact sequence for <r(A, xQ, G) described in [2] .
A basis of open neighbourhoods is defined for ov0(A, #0. G) as follows. Given Proof. The proof of the continuity of p is similar to the proof of Proposition 1.
All the natural diagrams commute.
In particular, p covers pi, and the action of pT<s(X, x0, G) on any covering space derives from its action on XTo.
It is interesting to note that a(XTo, art(X, x0, G)) = a(X, xo, G) the map [F; [/; g]x0] ->[pF; g] is a homomorphism, and that it is an isomorphism follows from the application of the 5-lemma to the sequences In this case, if k: G->a(X, x0, G) is a splitting homomorphism and p: a(X, Xo, G)XXI(->I,,, then #(id, k) defines an action of G as a group of homeomorphisms of XT0. However, since k need not be continuous, this is no guarantee that there is a topological transformation group (J?i0, G, px) which covers (X, G, u). Definition 2. The group a(X, x0, G) will be said to admit a continuous split extension if there is a continuous homomorphism k: G->a(X, xo, G) such that jk = id.
Lemma 2. 1/ a(X, x0, G) admits a continuous split extension then it is topologically the product 0/ G and the discrete space ttx(X).
Proof. Since X is locally simply connected, the topology for 7Ti(A, Xo) induced by its inclusion in X is discrete. The proof now follows from a study of the map ([f], g)-*[f+kgp; g].
The group G acts on itself by left translation, and if it is a pathconnected group we can ask whether a(G, e, G) admits a continuous split extension. Proof.
The sufficiency of the condition is obvious. Since the isotropy subgroup of G at e is trivial, oiG, e, G) can be regarded as a subspace of the universal covering group G. Hence a map k: G -^oiG, e, G) can be thought of as a covering map of the identity map of G; whence xi(G) = £*7ri(G, e) =0. Now we can prove the proposition from which the Lima result will follow. Define pXa: G-*x, p.Xoig) =uig, x0).
Proposition
4. If o-(X, xo, G) admits a continuous split extension, and 7r0 is invariant under G, then there exists a topological transformation group (ATo, G, ,ui) which covers (A, G, p). If pXatiri(G, e)Eiro, then the covering map pi is unique.
Proof.
The existence of the continuous map ui follows from the discussion above. Its uniqueness follows from standard covering theorems.
Corollary.
If 7Ti(G, e) =0 and iro is invariant under G, then there exists a unique topological transformation group (Aro, G, ui) which covers (A, G, u).
Proof. Given g, let lg he a path in G from g to e, and let uXolg = kg. Then g->[kgp; g] is a continuous splitting map.
The equation defining ui is ui-ig, [/]*") ~* [koP + g/kThat this map is well defined even if 7To is not invariant under G follows from an argument similar to that used to prove Theorem 7 of [2] . It is continuous, the proof being similar to that of Proposition 1. Thus, subject to the standing conditions on A and G, we have the following result.
Proposition
5. IfVi(G, e) = 0 and X is any covering space of X, then there is a unique topological transformation group (A, G, pi) which covers (A, G, ju), and the action of ui is defined by the equation above.
